In this paper hemivariational inequality with nonhomogeneous Neumann boundary condition is investigated. The existence of infinitely many small solutions involving a class of p(x)−Laplacian equation in a smooth bounded domain is established. Our main tool is based on a version of the symmetric mountain pass lemma due to Kajikiya and the principle of symmetric criticality for a locally Lipschitz functional.
Introduction
We are concerned with the study of the nonlinear elliptic differential inclusion involving the p(x)−Laplacian equation f (x, t)dt, ω ∈ R such that f : ∂Ω × R → R is locally essentially bounded function. ∂F (x, u) denote the generalized Clarke gradient of F (x, u). u ∈ X := W
1,p(·) 0
(Ω) is said to be a weak solution of problem (1.1), if
with g * ∈ L r (x) (Ω) (for some r ∈ (p, p * ),
r (x) = 1 and g * (x) ∈ ∂F (x, u(x)).
We point out λ * is the Rayleigh quotient associated with our problem, that is λ * := inf (Ω)\{0}
The operator ∆ p(x) u = div(|∇u| p(x)−2 ∇u) is the so-called p(x)−Laplacian which becomes p−Laplacian when p(x) ≡ p is a constant. In particular, we refer on the applications to p(x)−Laplacian problems in (cf. [21] , [2] , [7] ). However, these papers are considered the application of the main results in order to achieve the existence of infinitely many solutions, but did not give more information on the sequence of solutions. This difficulty was overcome by Kajikiya who, in (cf. [14] ) presented the definitive version of the infinitely many points related to the symmetric mountain pass lemma and applied to a sublinear elliptic equation. In recent years, differential equations and variational problems have been studied in many papers, we refer to some interesting works (cf. [24] , [25] ). Indeed, the investigation of existence and multiplicity of solutions for problems with p(x)−Laplacian operators via Kajikiya lemma has drawn the attentions of many authors; In (cf. [15] ) authors studied the existence of at least one solution and infinitely many solutions of p(x)−biharmonic problem by using mountain pass theorem, fountain theorem, symmetric mountain pass lemma due to Kajikiya; In (cf. [16] ) authors studied the existence and multiplicity of solutions to the fractional Kirchhoff-type problem by using critical point theorems and the truncation technique; In (cf. [17] ) authors studied the existence and multiplicity of solutions for the problem Kirchhoff-type problem by variational methods; In (cf. [18] ) authors studied the existence of infinitely many solutions in a bounded domain via variational tools. In the past decades, the existence and uniqueness of solutions to several classes of nonlinear inclusions for variational and hemivariational inequalities were considered. These types of inequalities have established a new subject in nonsmooth analysis, due to these fields are based on the subdifferential in the sense of Clarke of locally Lipschitz functionals. The theory of hemivariational inequalities has given significant consequence both in pure and applied mathematics and it is valuable to comprehend many problems of mechanics and engineering for non-convex, non-smooth functionals. The applications to non-smooth variational problems have been seen in many papers, in (cf. [4] ) authors studied the existence of infinitely many solutions for variational-hemivariational inequalities with nonhomogeneous Neumann boundary conditions; in (cf. [12] ) authors studied the existence of infinitely many anti-periodic solutions for a second-order impulsive differential inclusion problem for non-smooth functionals; in (cf. [13] ), author studied the existence of infinitely many radial respective non-radial solutions for a class of hemivariational inequalities; in (cf. [23] ), authors studied variational-hemivariational inequalities for the existence of a whole sequence of solutions with non-smooth potential and non-zero Neumann boundary condition; in (cf. [5] ), authors studied variational-hemivariational inequalities involving the p-Laplace operator and a nonlinear Neumann boundary condition; in (cf. [1] ), authors studied variational-hemivariational inequality by using the mountain pass theorem for the existence of at least one solution to a boundary value problem involving the p(x)−biharmonic operator. In the present paper, we extend the existence of infinitely many arbitrarily small solutions converging to zero by new version of the symmetric mountain pass lemma due to Kajikiya (cf. [14] ) to a class of locally Lipschitz functionals. Motivated by reasons above, we prove the existence of infinitely many solutions for a hemivariational inequality depending on one parameter for a differential inclusion p(x)−Laplacian problem. The main tool used in our paper is applying the non-smooth version of the symmetric mountain pass lemma is the principle of criticality for a locally Lipschitz functional. We start the paper by giving in section 2 the properties of the generalized Sobolev space. Also we present some definitions and properties for the generalized gradient of the locally Lipschitz functionals. The main part is concerned with the existence of infinitely many solutions for a class of nonlinear hemivariational inequalities on bounded domain by using non-smooth symmetric mountain pass lemma for locally Lipschitz functionals.
Preliminaries
In order to deal with the problem (1.1), we need some theory of variable exponent Sobolev space. We prepare the basic definitions and properties in the framework of the generalized Lebesgue and Sobolev spaces (cf. [9] , [10] , [11] ). For convenience, we only recall some basic facts which will be used later. Let Ω ⊂ R N a bounded domain. Denote
For any Lipschitz continuous function p :
The variable exponent Lebesgue space L p(·) (Ω) is defined by
is endowed by the Luxemburg norm
The generalized Lebesgue-Sobolev space W 1,p(·) (Ω) is defined by
The space W
1,p(·) 0
(Ω) denotes the closure in W 1,p(·) (Ω) of the set of all W 1,p(·) (Ω)−functions with compact support.
(Ω) are separable, reflexive, Banach spaces.
is a separable and reflexive Banach space, where
(3) Let p 1 be the function obtained by conjugating the exponent p 1 pointwise, that is
, the following Hölder type inequality valid,
where
* denote the critical variable exponent related to p, onΩ and k ≥ 1,
the embedding is compact if q(x) < p * (x) for each x ∈Ω.
(Ω) the Poincaré inequality holds, i.e., there exists a positive constant C p in which
is continuous.
(Ω), · ) is a separable and reflexive Banach space. Define
Let η : ∂Ω → R be a measurable. Define the weighted variable exponent Lebesgue space by
with the norm
where dσ is the measure on the boundary.
where x ∈ ∂Ω, r ∈ C(∂Ω, R) and r(x) > 1.
Proposition 2.5. (cf. [19] , [20] ) If q ∈ C + (Ω) and q(x) < p * ∂ (x) for any x ∈ Ω, then the embedding from W 1,p(·) (Ω) to L q(x) (∂Ω) is compact and continuous.
In this part we give a brief overview on some prerequisites on non-smooth analysis which are needed in the sequel. Let X be a Banach space and X its topological dual. By · we will denote the norm in X and by < ·, · > X the duality brackets for the pair (X,
The generalized gradient of f at u ∈ X is defined by
which is a nonempty, convex and w −compact subset of X , where < ·, · > X is the duality pairing between X and X.
A point x ∈ X is said to be a critical point of the locally Lipschitz functional
Proposition 2.6. (cf. [6] ) Let h, g : X → R be locally Lipschitz functionals. Then, for every u, v ∈ X the following conditions hold:
(1) h 0 (u; ·) is subadditive, positively homogeneous; (2) ∂h is convex and weakly * compact;
8) the function m(u) = min ν∈∂h(u) ν X * exists, and is lower semi continuous; i.e., lim inf u→u0 m(u) ≥ m(u 0 ).
To indicate the existence for solution of (1.1), we consider a functional
Proposition 2.7. (cf. [22] ) The operator φ (u) : X → X is given by
and satisfies the following properties: (i) φ is continuous, bounded and strictly monotone.
(ii) φ is of (S + ) type.
(iii) φ is a homeomorphism.
Definition 2.8. The functional I : X → X verifies the (S + ) property if for any weakly convergence sequence {u n } n ⊂ X to u in X and lim sup
implies that {u n } n converges strongly to u in X.
We say that I satisfies the nonsmooth Palais-Smale condition, if any sequence {x n } n≥1 ⊆ X such that {I(x n )} n≥1 is bounded and m(x n ) = min{ x * * : x * ∈ ∂I(x n )} ⇒ 0 as n → ∞, has a strongly convergent subsequence.
Main Result
We assume that F : Ω × R → R is a Carathéodory function, which is locally Lipschitz in the second variable and satisfying the following properties: (F 1 ) For almost all x ∈ Ω and all v ∈ ∂F (x, t), we have |v| ≤ α(x) with
We state our main result in the following theorem.
Theorem 3.1. Suppose that conditions F 1 − F 3 are satisfied. Then there exists λ * such that for any λ ∈ (0, λ * ), problem 1.1 has a sequence of nontrivial solutions {u n } and u n → 0 as n → ∞.
For proving our main result, we need some lemmas and a proposition. (Ω) be a sequence such that {J(u n )} n≥1 is bounded and m(u n ) → 0 as n → ∞. We will show that the sequence {u n } n≥1 ⊆ W
1,p(·) 0
(Ω) is bounded. Assume by contradiction by passing to a subsequence, we can suppose that u n → ∞ as n → ∞. Let z n = un un for all n ≥ 1. Up to a subsequence, we assume that
as n → ∞. Applying Lebourg's mean value theorem (cf. [6] ), imply the existence of v n (x) ∈ ∂(x, θ x u n (x)) with 0 < θ x < 1 for almost all x ∈ ∂Ω and for all n ≥ 1,
∀ς > 1 and for some α3, α4.
Hence,
Due to |J(u n )| ≤ M and u n → ∞ for all n ≥ 1, we can assume that u n ≥ 1 and
These are two cases. Case 1. λ > 0.
By the definition of λ * , and the continuous embedding of X into L q(·) (Ω)
We consider now two subcases. Subcase 1.1. Suppose that there exists a sequence {u n } n≥1 ⊆ L p(·) (Ω) such that ∇u n p(·) ≤ 1 for all n ≥ 1.
According to proposition 2.3 it follows that
Dividing the inequality by u n
By the fact that 
According to the proposition 2.3, it follows that
If we pass to the limit as n → ∞ in (3.7) and relation (3.1),
Consequently, by (3.6) and (3.8)
Again, as already shown, there are two subcases.
According to proposition 2.3
By the fact that 1 p + > 0 and (3.1), 
In view of proposition 2.3 it follows that
With similar arguments as in the proof of relation in subcase 2.1, we can show that
These two cases imply that
Using λ * in (3.3) in another way. Similarly, dividing argument in two cases
From (3.9), (3.13) and (3.14),
Denote by z n = un un then z n = 1 for all n ≥ 1 which represents a contradiction with (3.15). So {u n } n≥1 ⊆ X is bounded. Hence, by passing to a subsequence if necessary, we may assume that
Since ∂J(u n ) ⊆ X is weakly compact and the norm functional in a Banach space is weakly lower semicontinuous, by the Weierstrass theorem, we can assume that u * n ∈ ∂J(u n ) such that
Then, for every n ≥ 1,
(Ω), (3.18) with n 0. Putting ν = u n − u in (3.18) and using (3.17),
(Ω) is bounded, using proposition 2.1 and the com-
as n → ∞, where
holds true. If we pass to the limit in (3.19) 
Taking into account that the operator φ has the (S + ) property,
This proves that J satisfies the Palais-Smale condition. For A ∈ Γ, we define genus γ(A) as follows:
If there is no mapping ϕ as above for any m ∈ N, then γ(A) = +∞. Let γ k denote the family of closed symmetric subsets A of X such that 0 / ∈ A and γ(A) ≥ k.
For the convenience of the readers, we summarize the properties of a genus. We refer the readers to (cf. [3] ) for the proof of the next proposition. The following version of the symmetric mountain-pass lemma is due to Kajikiya (cf. [14] ).
Lemma 3.5. Let X be an infinite-dimensional space and J ∈ C 1 (X, R) satisfy (B1) and (B2) as follows; (B1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the PalaisSmale condition. (B2) For each k ∈ N, there exists an A k ∈ Γ k such that sup u∈A k J(u) < 0. Then either (R 1 ) or (R 2 ) as the following holds.
Remark 3.6. From lemma 3.5, there is a sequence {u k } of critical points such that J(u k ) ≤ 0, u k = 0 and lim k→∞ u k = 0.
Let J(u) be the functional defined as before, we have
(Ω) with u p(·) < 1. We define
. By the definition of p(t) and the fact that p + < q + , p(t) attains its positive maximum, there exists
For these values R 1 and R 0 , we can choose a smooth function h(t) defined as follows
Let ρ(u) = h( u p(·) ) and consider the perturbation of J(u).
F (x, u(x))dσ. 
Proposition 3.7. LetJ(u) be in (3.22) . Then (1)J ∈ C 1 (X, R) andJ is even and bounded from below, (2) IfJ(u) < d 0 thenp( u ) < d 0 , consequently, u p(·) < R 0 and J(u) = J(u), (3) Suppose that F 1 − F 3 hold, thenJ(u) satisfies the (P S) condition. (Ω). Hence, for any u ∈ E k with u p(·) = 1 and ι small enough, for 0 < ι < min{R 0 , 1}
Since E k is a space of finite dimension, all the norms in E k are equivalent. We define
In view of (3.24), it implies that According to proposition 3.7(1) and lemma 3.8, it results that −∞ < c k < 0. Therefore, assumptions (B1) and (B2) of lemma 3.5 are verified. As a result, there exists a sequence {u k } converging to zero. Hence, theorem 3.1 follows by proposition 3.7(2).
